The precise analytic solution with the reference orbit eccentricity and perturbation effects is needed for the relative motion of formation flying satellites. Since Hill's equations have considerable errors and are insufficient for the long term prediction of the relative motion, the new approach, called geometric method, is proposed to obtain the state transition matrix as a precise solution under the effects due to the reference orbit eccentricity and the gravitational perturbations. Based on the transformation and the state transition matrix for the relative orbital elements, the geometric method gives a precise solution in closed form to 1 st order in J 2 for the non-circular reference orbit with mean orbital elements under the existence of the gravitational perturbation J 2 . Finally, using the transformation matrix from the mean elements to the osculating elements in powers of the eccentricity, the state transition matrix of the relative motion with the osculating elements is derived without solving the differential equations. The results in this paper are based on the J 2 effects, but the approach could be extended to include other perturbing forces.
INTRODUCTION
The equations describing the relative motion of satellites are needed for rendezvous and formation flying satellites. The rendezvous problem is of short duration and there are frequent thruster firings. Therefore, the long-term accuracy of the equations of motion is not as important in the rendezvous problem as in the formation flying problem, and the Clohessy-Wiltshire (CW) equations 4 (Hill's equations) or a modified version incorporating small eccentric effects is usually sufficient. However, Hill's equations assume that the reference orbit is circular, the Earth is spherically symmetric, and the target orbit is very close to the reference orbit such that there is no external perturbing force and the nonlinear terms in the relative motion can be neglected. The effect of these assumptions is unacceptable errors in the long term prediction of the relative motion for formation flying satellites. To minimize fuel consumption and maximize lifetime, a more accurate solution for the relative motion is needed.
There is a closed form solution of the relative motion in terms of the true anomaly for an elliptic reference orbit without perturbation 9 . In addition, there have been several expanded solutions in powers of the eccentricity for unperturbed non-circular reference orbit. Melton 7 used a novel approach to obtain a solution as a function of time or mean anomaly. However, there has been no approach that incorporates the primary gravitational perturbation J 2 .
Figure 1 The curvilinear coordinate system
The purpose of this paper is to derive the state transition matrix for both osculating and mean elements for the relative motion of two neighboring satellites when the reference satellite (Chief) is in an elliptic orbit and both satellites are subjected to the J 2 perturbation. The state transition matrix is obtained in closed form to 2 O J for the mean elements. The solution for the osculating elements includes some eccentricity expansions for the terms multiplied by J 2 .
In this paper, the orbital elements of the reference satellite, named as the Chief, and the relative position and velocity vectors of the target satellite, named as the Deputy, are defined 5 as ( ) , where θ is the argument of latitude, 1 cos q e ω =
, and 2 sin q e ω = . These are used because the true anomaly and the argument of perigee are undefined for circular orbit. After obtaining the orbital elements of the Deputy by a Taylor series expansion about the orbital elements of the Chief, the relative orbital elements between them are obtained by d c δ = − e e e . In this paper, all the orbital elements without subscript are for the Chief, and X and δe are for the Deputy. To obtain more accurate results, the curvilinear coordinate system represented by unit vectors { }
, ,
e e e and the origin at the Chief is used instead of the LVLH Cartesian frame as Melton did. That means that x is the distance in the radial direction, and y and z are the curvilinear distances along the imaginary circular orbit and perpendicular to the reference orbit, respectively, at the instantaneous time as shown in Figure 1 .
GEOMETRIC METHOD
Using the osculating elements for the Chief and the Deputy under the influence of J 2 and the total angular velocity ( ) 
This same approach was used by Garrison 5 with a different set of variables. Also, the position and velocity vectors of the Deputy can be obtained in curvilinear coordinate by using the geometric transformation and the Taylor series expansion about the Chief. 
, and cos c γ γ = . The variables with "δ " are obtained by Taylor series expansion about the Chief. The velocity is divided into two parts. The first part is expressed in terms of the orbital elements and has the same form as that for unperturbed motion. The other, denoted by " ∆ ", is the variation due to only J 2 .
( ) 
Now, evaluate the matrix ( ) t Σ with the osculating elements, using the disturbing function through 
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Since the mean elements describe the long-term secular effects, it may be advantageous to use them for describing the relative motion. For the mean elements, the angular velocity will be different because the constraint that the velocity must be in the orbit plane does not exist any longer. Using the same process 
above but with only secular variations 10 due to J 2 after neglecting Also, the variations of the velocity becomes
Therefore, from Eqs. (22) and (23) 
where, all the elements without subscript are also the mean elements in this section for convenience. Now, to obtain the equation for θ , define true argument of latitude
, the relationship between λ and F , ( After defining the function G and using the variations in Eq. (21) , let the mean anomaly and the argument of perigee with the long period effect be the same as the mean elements such as
. Also, using the equation of center 9 , the osculating argument of latitude can be obtained in terms of the mean elements from the Brouwer's results. By expanding all the osculating elements in powers of the mean eccentricity and taking them to the first order but to the second order only for semi-major axis to reduce the error in it because the relative semimajor axis plays a major role in the errors of the relative motion. 
where, the superscript means the order of the eccentricity and (2) D has the terms only for the semi-major axis. These quantities, (0) e , (1) 
COMPARISIONS
To evaluate the proposed method, the predicted relative motion is compared with that obtained by integrating the equations of motion numerically for both satellites in ECI with a J 2~J5 gravity field, transforming the position and velocity obtained in ECI to the Chief LVLH frame, transforming them to the curvilinear frame, and differencing them to obtain the relative position and velocity. For the comparison of the theories, the initial conditions are chosen such that the projection of the relative orbit in the horizontal plane is a circle when the Chief orbit is circular with the same semi-major axis. The 0.005 eccentricity will result in a slight drift away from this desired orbit even if there is no perturbation. The initial conditions are given in Table 1 along with the differences in orbital elements. First, the errors in Hill's equations and the geometric method are evaluated for the case of the spherically symmetric Earth. As shown in Figure 3(a) , there is a secular growth in the in-track error for Hill's equations. This secular growth is a result of the Chief orbit eccentricity. The chosen initial conditions result in an in-track drift due to 0.005 eccentricity, but Hill's equations predict a circular relative orbit in the local horizontal plane. Because the geometric method incorporates the Chief orbit eccentricity, the errors are reduced to centimeter level as shown in Figure 3 (b).
For perturbed relative motion, the initial conditions in Table 1 are considered as perturbed initial mean Table 2 The Initial Osculating Conditions for Perturbed Near-Circular Orbit Hill's equations have another weakness in that they do not contain the orbital properties of the reference orbit except of the semi-major axis.
Compared with the numerical solution that includes the J 2 -J 5 gravitational perturbations, the errors in the geometric method with only J 2 are shown in Figure 5 for a perturbed near-circular orbit. Figure 5(a) shows the errors of the method with the mean elements, which has only small errors because of the neglected periodic terms. Also, the errors of the method with the osculating elements are shown in Figure  5 (b) such that this solution has almost the same results as the numerical solution. Though the in-track secular growth in Figure 5(b) is bigger than that in Figure 5(a) , the total amplitudes of them are almost the same. These secular growths are due to the neglected J 2 2 terms. Also, the errors in Figure 5 (b) are mainly due to the neglected higher order terms in ( ) D t . From the difference between the mean elements and the osculating elements, the differences between Figure 5 (a) and 5(b) evaluate the effects of the long and the short period terms.
CONCLUSION
Using the geometric method, a state transition matrix (STM) of the relative motion of neighboring satellites has been derived for the case of an elliptic Chief orbit and both satellites subjected to the influence of the gravitational perturbation J 2 . The STM has been derived for both the mean and the osculating elements. This method is easily extended to include other perturbing forces. Also, it contains all the orbital properties of the reference orbit. As a result of including the effect of the Chief orbit eccentricity and the first order J 2 effects, the errors in this method are several orders of magnitude smaller than those resulting from Hill's equations.
This research was focused on the relative orbits for low Earth orbits that often have small eccentricity, but do not have small inclination. The use of non-singular variables eliminated the singularity that occurs at 0 e , but there is still a singularity in the 
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